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Proof of Zheng–Guo–Rosenkranz Conjecture
V. Gubarev, A. Perepechko
Abstract
In 2015, Zheng, Guo, and Rosenkranz conjectured that every injective Rota–
Baxter operator of weight zero on the polynomial algebra R[x] is a composition of
the multiplication by a nonzero polynomial and a formal integration at some point.
We confirm this conjecture over any field of characteristic zero.
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1 Introduction
G. Baxter introduced the notion of a Rota–Baxter operator in 1960 [1] as a natural
generalization of integration by parts formula for the integral operator. Further, such
operators were studied from algebraic, combinatorial, topological, physical and many
other points of view by G.-C. Rota, P. Cartier, L. Guo and others, see details in [2, 4].
The integral operator is known to be injective on the algebra of continuous functions
on R. So, given an algebra, it is natural to classify injective Rota–Baxter operators of
weight zero on it. In [2], it was proved that there are no injective Rota–Baxter operators
of weight zero on a unital finite-dimensional algebra.
The situation is completely different if we study Rota–Baxter operators of weight zero
on the polynomial algebra F [x], where F denotes the ground field of characteristic zero.
In [5], S.H. Zheng, L. Guo, and M. Rosenkranz described all injective monomial Rota–
Baxter operators of weight zero on F [x]; a monomial operator is an operator which maps
each monomial to a monomial with some coefficient. More about monomial Rota–Baxter
operators on polynomial algebras see in [3, 6].
A Rota–Baxter operator of weight zero on F [x] is called analytically modeled if it
equals a composition of the multiplication lr by a fixed nonzero polynomial r and then
a formal integration Ja at some fixed point a. In [5], it was proved that up to a constant
term every injective Rota–Baxter operator on F [x] acts on each monomial as an ana-
lytically modeled Rota–Baxter operator. Based on this result, S.H. Zheng, L. Guo, and
M. Rosenkranz conjectured that every injective Rota–Baxter operator of weight zero on
R[x] is analytically modeled.
In the current work, we confirm this conjecture over any field of characteristic zero.
2 Preliminaries
Let F be a ground field of characteristic zero.
Definition 2.1. A linear operator R defined on an algebra A is called a Rota–Baxter
operator (of weight 0), if the identity
R(f)R(g) = R(R(f)g + fR(g)) (1)
holds for every f, g ∈ A.
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Let us introduce the following linear operators on F [x]:
• (multiplication) lr : f 7→ rf , where r ∈ F [x];
• (standard derivation) δ : xn 7→ nxn−1;
• (formal integration at 0) I = J0 : x
n 7→
xn+1
n+ 1
;
• (formal integration at a) Ja : x
n 7→
xn+1 − an+1
n + 1
.
Note that δ ◦ I = id.
Example 2.2. The operator Ja is a Rota–Baxter operator on F [x] for every a ∈ F .
Example 2.3 ([5]). Let r ∈ F [x] and let R be a Rota–Baxter operator on F [x]. Then
a linear operator R ◦ lr is again a Rota–Baxter operator on F [x]. Here ◦ denotes a com-
position of operators.
In [5], S.H. Zheng, L. Guo, and M. Rosenkranz initiated a study of injective RB-
operators on F [x]. They described completely so called monomial ones, i.e., Rota–Baxter
operators on F [x] such that map each monomial to a monomial with some coefficient.
For the general case, the authors made a big progress proving
Theorem 2.4 (Zheng, Guo, Rosenkranz, 2015 [5]). Let R be an injective Rota–Baxter
operator on F [x], where F is a field of characteristic 0. Then there exists a nonzero
polynomial r ∈ F [x] such that δ ◦R = lr.
After Theorem 2.4, the following conjecture arises naturally (originally it was stated
over R).
Conjecture (Zheng, Guo, Rosenkranz, 2015 [5]). Every injective Rota–Baxter operator
on F [x] over a field F of characteristic 0 equals Ja ◦ lr for some nonzero polynomial
r ∈ F [x] and a ∈ F .
3 Proof of Conjecture
Below we express Conjecture in terms of linear functionals on F [x].
Proposition 3.1. Let R be an operator on F [x] such that δ ◦ R = lr for some nonzero
polynomial r(x) ∈ F [x]. Let us introduce a linear functional c : F [x] → F by the formula
c : f 7→ R(f)(0).
Then R is Rota–Baxter if and only if
c(f)c(g) + c(I(rf)g + fI(rg)) = 0 (2)
for all f, g ∈ F [x]. Moreover, this is a one-to-one correspondence between Rota–Baxter
operators R on F [x] satisfying δ ◦R = lr and linear functionals c on F [x] satisfying (2).
Its inverse is defined by the formula R = I ◦ lr + c.
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Proof. Since δ ◦ R = δ ◦ I ◦ lr, for any f ∈ F [x] there holds R(f) − I(rf) ∈ F , and so
R(f) = I(rf) +R(f)(0). Hence, R = I ◦ lr + c.
Then the condition (1) transforms into
0 = R(R(f)g + fR(g))− R(f)R(g)
= R(I(rf)g + I(rg)f + c(f)g + c(g)f)− (I(rf) + c(f))(I(rg) + c(g))
= I(I(rf)rg) + I(I(rg)rf)− I(rf)I(rg)
+ c(f)c(g) + c(I(rf)g + fI(rg))
= c(f)c(g) + c(I(rf)g + fI(rg)).
The last equality holds since I ◦ lr is a Rota–Baxter operator by Example 2.3.
Definition 3.2. Let us denote by Mr the set of linear functionals satisfying (2), where
r ∈ F [x].
Definition 3.3. Let us denote by cr,a the linear functional cr,a : f 7→ −I(rf)(a). We
also define Nr = {cr,a | a ∈ F}. It is a one-parameter family of linear functionals
parameterized by a ∈ F .
Remark 3.4. The operator R = I ◦ lr + cr,a, corresponding to cr,a ∈ Nr, equals Ja ◦ lr.
Indeed,
R(f) = I(rf) + cr,a(f) = I(rf)− I(rf)(a) = Ja(rf).
By Examples 2.2 and 2.3, R = Ja ◦ lr is a Rota–Baxter operator. Thus, Nr ⊂Mr.
Remark 3.5. Let us introduce the coordinates ci = c(x
i) on the space of linear func-
tionals and let r = r0 + r1x + · · ·+ rkx
k. Then, after substituting f = xn, g = xm, the
equation (2) transforms into the system
cncm +
k∑
i=0
(
1
i+ n + 1
+
1
i+m+ 1
)
rici+n+m+1 = 0, n,m ∈ Z≥0. (3)
Since c is defined by its values on 1, x, x2 . . ., by linearity this system is equivalent to (2).
In these coordinates Mr ⊂ F
×∞ = {(c0, c1, . . .) | ci ∈ F}.
Lemma 3.6. Let P (c0, . . . , cn) = 0 be a polynomial equation on the space of linear
functionals, P ∈ F [x0, . . . , xn], n ∈ N, such that Nr ⊂ {P (c0, . . . , cn) = 0}. Then
Mr ⊂ {P (c0, . . . , cn) = 0} as well.
Proof. The equation P (c0, . . . , cn) = 0 is equivalent on Mr to some linear one
m∑
i=0
aici = 0
for some m ∈ Z≥0, which we denote by L. In order to see that, it is enough to repeatedly
substitute products cncm by linear combinations from corresponding equations in (3).
Assume that L is non-trivial, so am 6= 0. Note that cr,a(x
n) = −I(rxn)(a) is a poly-
nomial of degree n+ k+ 1 in a. Thus, substituting ci = cr,a(x
i), i = 0, . . . , m, into L, we
obtain a nonzero polynomial
m∑
i=0
aicr,a(x
i) on a of degree m+ k+1. Since F is an infinite
field, we get a contradiction.
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Define projections pil : F×∞ → F l+1 as follows, pil((c0, c1, . . .)) = (c0, c1, . . . , cl).
Lemma 3.7. Let r ∈ F [x] be a nonzero polynomial of degree k = deg(r). Then
1. pik is injective on Mr and Nr,
2. pik(Mr) and pi
k(Nr) are Zariski closed subsets in F
k+1.
Proof. Let us transform the system (3) as follows. For any ct, where t > k, we may
transform the equation with m = 0, n = t− 1 − k to the form ct = Pt(c0, . . . , ct−1). So,
ct can be expressed as a polynomial of coordinates with lower indices.
Any other equation corresponding to some m,n ∈ Z≥0 can be reduced to the form
gm,n(c0, . . . , ck) by consecutive substitutions ct = Pt(c0, . . . , ct−1) for all t > k. Thus, the
system (3) is equivalent to a system of polynomial equations
{gm,n(c0, . . . , ck) = 0 | m > 0, n ≥ 0} ∪ {ct = Pt(c0, . . . , ct−1) | t > k}.
So, the subset pik(Mr) ⊂ F
k+1 is defined by the polynomial system {gm,n(c0, . . . , ck)},
hence is Zariski closed. The map pik : Mr → pi
k(Mr) is a one-to-one correspondence with
the inverse map (c0, . . . , ck) 7→ (c0, . . . , ck, Pk+1, Pk+2, . . .).
Since Nr ⊂ Mr, pi
k is injective on Nr as well. Consider the map φ : F → Nr acting
as φ(a) = cr,a and φk = pi
k ◦ φ : a 7→ (I(r)(a), I(xr)(a), . . . , I(xkr)(a)). Then φk is
a morphism that maps an affine line into an affine space, hence its image φk(A
1) = pik(Nr)
is Zariski closed.
Indeed, we may extend φk to the morphism φ¯k : P
1 → Pk+1 of a projective line into
a projective space. Since P1 is a complete algebraic variety, its image is closed. On the
other hand, P1 does not have non-constant regular functions and thus its image cannot
lie in the affine space Ak+1. So, φ¯k(P
1 \A1) ∈ Pk+1 \Ak+1, and the closure φk(A
1) lies in
φ¯k(P
1) ∩ Ak+1 = φk(A
1).
Proposition 3.8. For any nonzero r ∈ F [x] there holds Mr = Nr.
Proof. By Remark 3.4, Nr ⊂Mr.
Assume that c ∈ Mr \ Nr. Then pi
k(c) ∈ pik(Mr) \ pi
k(Nr), where k = deg(r). By
Lemma 3.7, pik(Nr) is Zariski closed, hence there exists P ∈ F [c0, . . . , ck] that vanishes
on pik(Nr) but does not equal 0 at pi
k(c).
Note that P (b) = P (pik(b)) for any b ∈ Mr. Thus, P vanishes on Nr but not on Mr.
This contradicts Lemma 3.6.
Theorem 3.9. Conjecture holds.
Proof. Let R be an injective Rota–Baxter operator on F [x]. By Theorem 2.4, there exists
a nonzero r ∈ F [x] such that δ ◦R = lr.
Let c : f 7→ R(f)(0). By Proposition 3.1, c ∈ Mr. By Proposition 3.8, c ∈ Nr. By
Remark 3.4, the corresponding operator R = I ◦ lr + c equals Ja ◦ lr for some a ∈ F .
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